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Abstract
We construct the coherent states for charge carriers in a graphene layer immersed in
crossed external electric and magnetic fields. For that purpose, we solve the Dirac-Weyl
equation in a Landau-like gauge avoiding applying techniques of special relativity, and
thus we identify the appropriate rising and lowering operators associated to the system.
We explicitly construct the coherent states as eigenstates of a matrix annihilation operator
with complex eigenvalues. In order to describe the effects of both fields on these states, we
obtain the probability and current densities, the Heisenberg uncertainty relation and the
mean energy as functions of the parameter β = c E/(vFB). In particular, these quantities
are investigated for magnetic and electric fields near the condition of the Landau levels
collapse (β → 1).
1 Introduction
The allotropes of carbon, that present a variety of crystal structures from zero- to three-
dimensional, have interesting and different properties. For instance, since the isolation of
graphene, the main two-dimensional allotrope of carbon, by Novoselov and Geim [1, 2] there
has been an avalanche of theoretical and experimental research about its physical properties
and technological applications [3–7]. In a more general aspect, graphene has also attracted
the attention to other two-dimensional Dirac materials (2D DMs) [8–13]. The graphene band
structure is characterized by a linear behavior of the dispersion relation close to the so-called
Dirac points, which are located at the Brillouin zone corners. As a consequence, its electrons
are described by an effective massless Dirac equation with the Fermi velocity vF ∼ c/300
playing the role of the light speed c. In the case in which an external magnetic field is applied
to a graphene sample on xy-plane, the system that arises is described by the Dirac-Weyl
(DW) equation and has been employed not only in experimental researches but also in several
theoretical works in which different magnetic field profiles are considered (for instance, see
Refs. [14–19]). Nevertheless, when an electric field interacts with the above system the problem
nature changes, so that it is necessary to implement either a numerical method or a process
∗mfcastillo@fis.cinvestav.mx
†ediaz@fis.cinvestav.mx, ediazba@ipn.mx
‡mauriceoliva.cu@gmail.com
1
ar
X
iv
:2
00
8.
09
16
6v
1 
 [q
ua
nt-
ph
]  
20
 A
ug
 20
20
that involves rotations in order to solve the equations that appear [19–23]. For instance, for
position-dependent electrostatic potentials U(x), a relativistic approach is often used to become
the problem into an analogous one of special relativity with a massless particle moving with an
effective velocity vF [24–26]. In general, the combined effect of magnetic and electric fields in
graphene results an important research topic because it has given rise to new phenomena, such
as the collapse of Landau levels [22,24,27,28].
On the other hand, the physical system of a charged particle interacting with an electric
and/or magnetic field is well-known in non-relativistic classical mechanics. For instance, when
an electron stay in a plane and a magnetic field is applied, it describes a circular motion in the
plane, while in the interaction with both magnetic and electric fields, it follows a spiral path on
the plane. Thus, one would expect that it is possible to obtain a semi-classical description for
the same field configuration in the graphene case by employing the so-called coherent states,
which are states proposed by E. Schro¨dinger [29] as a kind of quantum states that described
the motion of a particle in a quadratic potential and that minimize the Heisenberg uncertainty
relation (HUR). Such states are considered as the most classical ones and have been employed
and generalized to describe other physical systems, e.g., in quantum optics, atomic, nuclear,
condensed matter and particle physics (see Refs. [30–33]). Inspired by this approach, part of this
work consists of solving the problem of the interaction of a graphene sample with both magnetic
and electric fields by performing a simple algebraic procedure, without the need to implement
a Lorentz boost. Likewise, the coherent states construction for this case is motivated by the
previous results of Refs. [34–36] and, ultimately, it seeks to expand the theoretical background
for the description of a bit different system.
This work is presented as follows. In Sec. 2, we briefly discuss the classical motion equations
of charged particles under the interaction of crossed electric and magnetic fields. In Sec. 3,
the DW equation with a field configuration similar to that of the preceding section is solved.
The energy spectrum and eigenvectors are found explicitly by implementing a non-relativistic
approach, in contrast with previous works. In Sec. 4, a generalized annihilation operator is
defined and the coherent states are constructed as its eigenstates with complex eigenvalues. In
addition, the corresponding probability and current densities are described, and the effects of
the electric field applied are analyzed through the Heisenberg uncertainty relation and mean
energy. In Sec. 5 we present our final remarks and conclusions.
2 Charge carriers in classical fields
Let us suppose a particle of mass m and charge q moving on xy-plane interacting with crossed
external electric and magnetic fields. The problem can be solved either by the Newtonian
or Hamiltonian formalism in order to obtain the motion equations. By using the latter, the
Hamiltonian Hclass that describe this system is expressed as
Hclass =
1
2m
(p− q
c
A)2 + qU(x), (1)
where the potentials are taking by A = Bxjˆ and U(x) = −Ex, such that B = ∇ ×A = Bkˆ
and E = −∇U(x) = E iˆ, respectively. Considering an electron (q = −e), the solutions of the
corresponding motion equations are given by
x(t) = x0 +
1
ωB
[(v0y + vd) (cos(ωBt)− 1) + v0x sin(ωBt)] , (2a)
y(t) = y0 +
1
ωB
[(v0y + vd) sin(ωBt) + v0x (1− cos(ωBt))]− vdt, (2b)
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Figure 1: Graphene layer interacting with crossed electric and magnetic fields directed along
the x- and z-directions, respectively. In absence of electric field E, a classical charged particle
performs a circular trajectory (blue curve), while if the strength E increases, the trajectory
becomes into a trochoid (red and purple curves).
where r0 = (x0, y0) is the initial position of the particle, v0 = (v0x, v0y) denotes its initial
velocity, ωB = eB/mc is the cyclotron frequency and vd = c E/B is the drift velocity.
From the above equations, we obtain the expression(
x(t)− x0 + v0y + vd
ωB
)2
+
(
y(t)− y0 + vdt− v0x
ωB
)2
=
1
ω2B
[
(v0y + vd)
2 + v20x
]
, (3)
that corresponds to the equation of a circumference centered in the point
(h, k) =
(
x0 − v0y + vd
ωB
, y0 − vdt+ v0x
ωB
)
, (4)
and radius R = ω−1B
√
(v0y + vd)
2 + v20x. Here, the circle center moves along the y-axis with
speed vd. When the electric field E is null, we have that vd = 0 and Eq. (3) corresponds to
circle equation with center in (x0 − v0y/ωB, y0 + v0x/ωB) and radius R = |v0|/ωB. In presence
of an electric field E, instead of a circular motion, the trajectories describe a cycloidal motion
along the y-axis. If the strength E increases, the trajectories open further towards the negative
x-axis (see Fig. 1).
On the other hand, the dynamics of relativistic particles is studied through appropriate
Lorentz transformations that allow to find the motion equations in a coordinate frame S ′
moving with a velocity u with respect to the original frame S. For the case with E < B, the
velocity u is chosen perpendicular to the vectors E and B, so that the only field acting in the
frame S ′ is B′, and u has a physical meaning as the drift velocity if |u| is less than c. For
E > B, it is necessary to perform a different Lorentz transformation from the frame S to a
system S ′′ in which the only field acting is now E′ that causes a hyperbolic motion [37].
3 Dirac-Weyl equation with external fields
Now, let us consider a graphene layer laying on xy-plane interacting with external electric and
magnetic fields, that are respectively parallel and orthogonal to the layer surface, as illustrated
3
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Figure 2: Plot of Landau levels (LLs) as a function of β and k = 0. For β = 0, the energy
eigenstates lie on LLs, but as β → 1, Landau level spectrum collapses.
in Fig. 1. The Hamiltonian that describes this problem is given by
HΨ¯(x.y) =
[
vFσ ·
(
p +
e
c
A
)
− eU(x)
]
Ψ¯(x, y) = EΨ¯(x, y), (5)
where Ψ¯(x, y) = exp (iky) Ψ(x), the electrostatic and magnetic potentials are given again by
U(x) = −Ex and A(x) = Bxjˆ, respectively, and σ = (σx, σy) are the Pauli matrices.
Thus, the above equation becomes:[(
E − eEx
~vF
)
I2 + i∂xσx − 1
l2B
(
x+ l2Bk
)
σy
]
Ψ(x) = 0, (6)
where I2 denotes the 2 × 2 unity matrix and the magnetic length lB is given by l2B = 2/ωB =
c~/eB. By introducing the parameter β and the dimensionless quantity ξ,
β =
eE
~vF
l2B =
cE
vFB
=
vd
vF
, ξ =
1
lB
(
x+ l2Bk
)
, (7)
Eq. (6) can be rewritten as[(
E
~vF
+ kβ − βξ
lB
)
I2 +
i
lB
d
dξ
σx − ξ
lB
σy
]
Ψ(ξ) = 0, (8)
which is solved in detail on Appendix A.
The energy spectrum En is given by [6, 22,24,26] (see Fig. 2):
E(1,n−1) = E(2,n) = sgn(n)
~vF(1− β2)3/4
lB
√
2n− ~vFkβ, (9)
where sgn(0) = 1, while the eigenspinors Ψ¯n(x, y) can be expressed as:
Ψ¯n(x, y) ≡ Ψ¯n(ζn, y) = exp (iky)√
2(1−δ0n)
[(1− δ0n)ψn−1(ζn)χλ1 + η ψn(ζn)χλ2 ]
=
exp (iky)√
2(1−δ0n)
√
1
2
( √
C+ i
√
C−
−i√C−
√
C+
)(
(1− δ0n)ψn−1(ζn)
iη ψn(ζn)
)
= MΦ¯n(x, y), n = 0, 1, 2, . . . , (10)
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Here, δmn denotes the Kronecker delta, η = + for the K valley while η = − for the K ′ valley,
M =
√
1
2
( √
C+ i
√
C−
−i√C−
√
C+
)
=
√
1
2
(√
C+I2 −
√
C−σy
)
, (11a)
Φ¯n(x, y) =
exp (iky)√
2(1−δ0n)
(
(1− δ0n)ψn−1(ζn)
iη ψn(ζn)
)
, (11b)
with C± = 1± (1− β2)1/2 and the wave functions are given by
ψn(x) ≡ ψn(ζn) = (1− β
2)1/8√
n!
(ωB
2pi
)1/4
Dn(
√
2 ζn), (12)
where Dn(z) = U
(−n− 1
2
; z
)
designates the parabolic cylinder function and
ζn = ξ(1− β2)1/4 − β0lB
(1− β2)3/4 =
(1− β2)1/4
lB
[
x+ l2Bk + sgn(n)
βlB
√
2n
(1− β2)1/4
]
. (13)
In Eq. (9), positive (negative) energies correspond to Dirac fermions in the conduction
(valence) band. For β = 0 (i.e., vanishing electric field), the spinors Φ¯n in (11) reduce to
the solutions of standard Landau-like problem that was considered in Refs. [1, 2, 14,15,34], for
instance. A brief comment about matrix M can be found in Appendix B.
Figure 3 shows the behavior of the probability density ρn(x) and y-current density jy(x)
which were built with the eigenstates in (10) (see C). In particular, for β = 0, ρn(x) is an
even function while jy(x) is an odd function respect to reflection around a point x0 such that
ξ|x=x0 = 0. However, as β → 1 the parity breaks and the maximum values of both functions
move in the negative x-direction. Furthermore, according to [14] the sign of jy(x) indicates
the direction along the y-axis in which the electron motion takes place, so the current density
behavior suggests there is a flux of probability in the negative y-direction when an electric field
is applied to the sample. It is worth to mention that Figs. 3a and 3b are according with the
results on [14].
Finally, according to [38,39] the average velocity in the y-direction is given by
〈vy〉 = 1~
∂En
∂k
= −vFβ = −vd =
[
E×B
B2
]
y
, (14)
that means the Dirac fermions move with an average velocity vd in the negative y-direction.
4 Annihilation operator
In order to build the coherent states associated with the problem, it is necessary to perform
a transformation that allows us to work with an adequate set of eigenstates for which can be
defined an annihilation operator, namely Θ−. Thus, considering the inverse matrix M−1, we
obtain:
Φ¯n(x, y) = M−1Ψ¯n(x, y) =
exp (iky)√
2(1−δ0n)
(
(1− δ0n)ψn−1(ζn)
iη ψn(ζn)
)
. (15)
In this representation, we can define the following differential operators
θ±n =
1√
2
(
∓ d
dζn
+ ζn
)
, θ+n = (θ
−
n )
†, (16)
5
- 10 - 5 5
- 0.3
- 0.2
- 0.1
0.1
0.2
- 10 - 5 0 5
0.1
0.2
0.3
0.4
- 15 - 10 - 5 5
- 0.3
- 0.2
- 0.1
0.1
- 15 - 10 - 5 0 5
0.1
0.2
0.3
0.4
- 10 - 5 5
- 0.3
- 0.2
- 0.1
0.1
0.2
10- - 5 0 5
0.1
0.2
0.3
0.4
0.4
0.4
- 10 - 5 5
- 0.3
- 0.2
- 0.1
0.1
- 10 - 5 0 5
0.1
0.2
0.3
.
0.4
(a)
(b)
(c)
(d)
Figure 3: Upper panels show the probability density ρn(x) (left-hand) and the y-current density
jn(x)/e vF (right-hand) for different eigenstates Φ¯n and values of β. In all these cases B = 1/2,
k = ωB = 1.
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as well as the (unitary) shift operators T ± [40], whose explicit action onto the eigenfunctions
ψn(ζn) is
Q−ψn(ζn) = T −θ−nψn(ζn) =
√
nψn−1(ζn−1), Q+ψn(ζn) = θ+n T +ψn(ζn) =
√
n+ 1ψn+1(ζn+1).
(17)
This means that the operators θ±n change in a unity the energy level of the eigenstates ψn, while
the operators T ± shift in a unity the index n of the spacial coordinate ζn in the wave function
ψn(ζn). It is straightforward to verify that [Q−,Q+] = 1.
Now, we define the following operators in terms of θ±n [34, 36]:
Θ−n =
(
cos(δ)
√
N+2√
N+1
θ−n η sin(δ)
1√
N+1
(θ−n )
2
−η sin(δ)√N + 1 cos(δ)θ−n
)
, Θ+n = (Θ
−
n )
†. (18)
Here, N = θ+n θ
−
n is the number operator and δ ∈ [0, 2pi] is a parameter that allows to work with
either diagonal or non-diagonal matrix operators. This annihilation operator coincides with a
given one in [34,36]. After that, we also define the matrix operators
Θ− = T −
∑
n=0
Θ−nP(n), Θ+ = (Θ−)†, (19)
where P(k) is a 1-dimensional projection such that [41]
Θ−Φ¯k = T −
∑
n=0
Θ−n (P(n)Φ¯k) = T −
∑
n=0
δknΘ
−
n Φ¯k = T −Θ−k Φ¯k. (20)
We discuss the algebraic relations of these matrix operators in Appendix D.
4.1 Coherent states as eigenstates of Θ−
The action of the annihilation operator Θ− on the eigenstates Φ¯n(x, y) turns out to be
Θ−Φ¯n(x, y) ≡ Θ−Φ¯n(ζn, y) = exp (i δ)√
2δ1n
√
nΦ¯n−1(ζn−1, y), n = 0, 1, 2, . . . . (21)
By solving the eigenvalue equation
Θ−Φα(x, y) = αΦα(x, y), α ∈ C, (22)
where
Φα(x, y) =
∞∑
n=0
anΦ¯n(x, y), (23)
and using (21), we find the explicit expression for the corresponding coherent states:
Φα(x, y) =
1√
2 exp (|α˜|2)− 1
[
Φ¯0(x, y) +
∞∑
n=1
√
2α˜n√
n!
Φ¯n(x, y)
]
, (24)
with α˜ ≡ α exp(−i δ), and α = |α| exp (iϕ). This means that to work with either a diagonal
or non-diagonal annihilation operator Θ− results in the introduction of a phase factor that
affects the eigenvalue α. Actually, the phase of α already corresponds to the classical phase
angle [42,43], i.e., α is a periodic amount that contains information about the cyclic change of
the mean value of both the position and the momentum, as will be seen in forthcoming sections.
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Figure 4: Upper panels show the probability density ρα(x) = |Ψα(x, y)|2 (left-hand) and the
y-current density jα(x)/e vF (right-hand) in (25a) for the coherent states Ψα(x, y) as functions
of the phase ϕ for different values of β: β = 0 (a, b), β = 0.25 (c, d), β = 0.5 (e, f) and
β = 0.75 (g, h). In all these cases |α| = 4, B = 1/2, ωB = 1 and k = δ = 0. Dashed red lines
correspond to ϕ = (2n+ 1)pi/2, n = 0, 1, 2, . . . .
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4.1.1 Probability and current densities
The corresponding probability and y-current densities for the coherent states Ψα = MΦα read
as (see Fig. 4):
|Ψα(x, y)|2 =
[
2 exp
(|α˜|2)− 1− 2β< (α˜) ∞∑
n=0
|α˜|2n
n!
√
n+ 1
]−1 [
ψ20(ζ0) +
∣∣∣∣∣
∞∑
n=1
α˜n√
n!
ψn(ζn)
∣∣∣∣∣
2
+
∣∣∣∣∣
∞∑
n=1
α˜n√
n!
ψn−1(ζn)
∣∣∣∣∣
2
+ 2<
( ∞∑
n=1
α˜n√
n!
ψn(ζn)ψ0(ζ0)
)
− 2β<
( ∞∑
n=1
α˜n√
n!
ψn−1(ζn)ψ0(ζ0) +
∞∑
m,n=1
α˜∗mα˜n√
m!n!
ψm−1(ζn)ψn(ζn)
)]
, (25a)
jα(x)
evF
=
[
2 exp
(|α˜|2)− 1− 2β< (α˜) ∞∑
n=0
|α˜|2n
n!
√
n+ 1
]−1{
2<
( ∞∑
n=1
α˜n√
n!
ψn−1(ζn)ψ0(ζ0) +
∞∑
m,n=1
α˜∗mα˜n√
m!n!
ψm−1(ζn)
× ψn(ζn)
)
− β
ψ20(ζ0) +
∣∣∣∣∣
∞∑
n=1
α˜n√
n!
ψn(ζn)
∣∣∣∣∣
2
+
∣∣∣∣∣
∞∑
n=1
α˜n√
n!
ψn−1(ζn)
∣∣∣∣∣
2
+ 2<
( ∞∑
n=1
α˜n√
n!
ψn(ζn)ψ0(ζ0)
)}.
(25b)
For β = 0 (E = 0), we recover the results discussed in [34]. For β 6= 0, we can see that the
shape of both probability and y-current densities changes as β increases. In a semi-classical
interpretation, the eigenvalue α translates as an initial condition with which we can indicate
the initial position of an electron along the x-axis for a given time t0. On the other hand, when
the amount β → 1, the probability density shows a maximum value in a small region in the
x-axis, i.e., such behavior suggests that the presence of an electric field would tend to reduce
the velocity of the electrons in particular regions along the x axis, so that the probability of
finding them there will increase. Meanwhile, the sign of the y-current density indicates the
direction in which the electron movement takes place along the y-direction [14]. For β = 0,
such a function has both positive and negative values, so that the electrons move as many times
to the positive as the negative direction along the y-axis. As β → 1, small regions in which the
current density becomes most positive appear, indicating that when the electron speed reduces,
it moves in the positive y-direction.
4.1.2 Heisenberg uncertainty relation
In order to compute the Heisenberg uncertainty relation, we define the following matrix quadra-
ture Sq and its square as
Sq =
∑
n=0
(sq ⊗ I)P(n), S2q =
∑
n=0
(s2q ⊗ I)P(n), (26)
where
sq =
1√
2iq
(Q− + (−1)qQ+) , (27a)
s2q =
1
2
[
2N + 1 + (−1)q((Q−)2 + (Q+)2)] , (27b)
and q = 0, 1. The variance of the operator Sq is calculated as follows:
σSq =
√
〈S2q〉 − 〈Sq〉2. (28)
The explicit expressions of 〈Sq〉 and 〈S2q〉 in the coherent states basis are given in Appendix E.
For q = 0 (q = 1), we have that σS0 ≡ σζ (σS1 ≡ σp), i.e., the variance of the position-like ζ
(momentum-like p) operator that fulfills:
σζσp = σS0σS1 ≥
1
2
. (29)
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Figure 5: HUR for the coherent states Ψα(x, y) as function of the eigenvalue α with δ = 0 for
some values of β.
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Figure 6: Comparison between the position and momentum variances as function of |α| for
different values of β. In general, σp ≤ σζ and as β → 1, σζ increases.
For the standard coherent states (SCS) of the harmonic oscillator, the equality is verified.
Figure 5 shows that for coherent states Ψα = MΦα, the function σζσp is greater than 1/2
for some values of α and ϕ. In general, the behavior of σζσp for small values of |α| depends on
the individual variances of the quadratures S0 (position-like operator) and S1 (momentum-like
operator) on the coherent state basis considered, as shown in figure 5 of Ref. [36]. Additionally,
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(a) (b)
Figure 7: Mean energy 〈H〉α/~vF as function of α with δ = 0 for the coherent states Ψα(x, y)
with different values of β: β = 0 (blue), β = 0.25 (yellow) and β = 0.75 (red). In all these
cases, we take B = 1/2 and ωB = 1.
for ϕ close to zero and growing β, the variance σp remains less than σζ and when β ∼ 1, σζσp
reaches its maximum value in the vicinity of ϕ = 0 and for small values of |α| (see Fig. 6).
4.1.3 Mean energy value
Recalling that for any linear combination of eigenstates Ψn of a Hamiltonian H
′ with eigenvalues
En we have that
Ψ =
∑
n
anΨn =⇒ 〈H ′〉 =
∑
n
|an|2En, (30)
the mean energy 〈H〉α for the coherent states Ψα(x, y) can be expressed as follows:
〈H〉α
~vF
=
[
2 exp
(|α˜|2)− 1− 2β< (α˜) ∞∑
n=0
|α˜|2n
n!
√
n+ 1
]−1 [
kβ
(
1− 2 exp (|α˜|2))
+
2(1− β2)3/4
lB
∞∑
n=1
|α˜|2n
n!
√
2n
]
. (31)
As Fig. 7 shows, 〈H〉α is a continuous function of the eigenvalue α, that allows us to assure
the semi-classical nature of our results. Furthermore, the mean energy value exhibits a conic
shape around the eigenvalue α = 0, whose inclination increases as β also does. Actually, this
behavior suggests that the presence of an external electric field works as a parameter of tilt for
the mean energy. Such behavior is common in 2D DMs that possess tilted (anisotropic) Dirac
cones [13, 26,44].
4.2 Discussion
In comparison with [34], we also obtain an oscillatory-like behavior for the probability and
current densities around a middle point x0, whose location on x-axis depends on the strength of
E and B. For the case with the electric field turned off, the function ρα(x) has only contributions
11
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Figure 8: Average velocity in y-direction 〈vy〉α/vd as function of α with δ = 0 for the coherent
states Ψα(x, y) with different values of β: β = 0.25 (blue), β = 0.5 (cyan) and β = 0.75 (yellow).
In all these cases, we take B = 1/2 and ωB = 1.
of the spinor components in each sublattice separately, but when the electric field turns on, is
affected by a quantity proportional to the current density from the case with E null. Likewise,
while the magnetic field is applied only, the function jy(x) has contributions of the components
mixed and when the electric field appears, the starting current density is affected by an amount
proportional to ρα(x) from the case with E = 0 (see Eq. (25a) and Fig. 4). Similar results are
found for the eigenstates Ψn(x, y) (see Eq. (C.2) and Fig. 3).
As was mentioned before, the main role of the coherent states in quantum mechanics is,
in general, to describe the behavior of a system in a semi-classical approach, although that
aim is not easy for all quantum systems. In our case, when Dirac electrons interact with an
external magnetic field only, for a phase variation of the eigenvalue α that characterizes the
coherent state, the probability density does not change its shape: a Gaussian distribution on
the x-axis. In the added electric field case, the probability density is accumulated in some
particular points along the x-direction as ϕ changes. This means that is more probable to find
electrons in certain spatial regions choosing the correct eigenvalue phase. Likewise, the current
density changes as the parameter β increases, taking positive values in the points where |Ψα|2
is longer on x-axis. Thus, we can assume that in such points electrons not only reduce their
group velocity, but also their motion direction changes as a result of the presence of a constant
electric field directed along the positive x-axis (Fig. 4). From a semi-classical point of view, an
electron in an external magnetic field describes a circular orbit, which is equivalent to being
able to detect the particle in wherever place on the trajectory. When an electric field is applied,
the charged carriers move in a spiral way giving place to points in which their speed decreases
and they can be detected with larger probability (Fig. 1). Furthermore, as the electric field
strength increases, such points appear more to the left of the x-axis each time, due to the
attractive forces generated by the electric field.
Besides, following [39], the average velocity in y-direction is calculated as
〈vy〉α = 1~
∂
∂k
〈H〉α =
[
2 exp
(|α˜|2)− 1− 2β< (α˜) ∞∑
n=0
|α˜|2n
n!
√
n+ 1
]−1 [
vd
(
1− 2 exp (|α˜|2))] .
(32)
As we can see in Fig. 8, as |α| grows up, the average velocity |〈vy〉α| tends to a smaller (bigger)
constant value than vd for pi/2 ≤ ϕ ≤ 3pi/2 (−pi/4 < ϕ < pi/4). The minus sign in 〈vy〉α
indicates the velocity is directed along the negative y-axis.
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Figure 9: Upper panels show the probability density ρn(x) (left-hand) and the y-current density
jn(x)/e vF (right-hand) for three different Landau levels n = 0, 1, 2 and values of β close to 1.
In all these cases B = 1/2, k = ωB = 1.
Collapse of Landau levels (β → 1)
Figure 9 shows the behavior of the probability and current densities along the x-axis for the
states in Eq. (10) when β takes values close to 1. We can see that while the sign of the function
jy(x) holds negative, the amplitude of the maximum probability for such values is less than
when β < 1 (Fig. 3), indicating that when E ≈ vFB/c, the probability of finding a Dirac particle
on the left side of the x-axis decreases.
On the other hand, as the drift velocity vd approximates to Fermi velocity vF, the Heisenberg
uncertainty relation is longer than 1/2 only for real values of α (see Figs. 5 and 10), for which the
position-like variance σζ remains always larger than the momentum-like one σp. Additionally,
it is worth to mention that for α ∈ C for which the HUR is not equal to 1/2, the mean energy
〈H〉α is tilted as also β increases (Fig 7), indicating that such values would correspond to a
larger mean energy.
In summary, since Landau levels already collapse in the limit value Ec = vFB/c, our results
are not valid close to that critical point due to the bounded states would disappear becoming
into scattering states and we would have that |〈vy〉α| > vd ≈ vF [14]. Actually, in [45] the
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Figure 10: HUR for the coherent states Ψα(x, y) as function of |α| for values of β close to 1.
critical value β = 1 is analyzed showing that existence of no bound states, while for β > 1,
i.e. a weak magnetic field, the problem holds solvable and leads to a bit different spectrum
behavior [46].
5 Concluding remarks
We have solved the two-dimensional Dirac-Weyl equation with an external electric field by using
a clear algebraic method that prevents us to implement techniques of special relativity. Also,
we have been able to obtain the known results of the system interacting only with a magnetic
field by taking the limit β → 0.
Likewise, we have build the coherent states for a graphene sample on xy-plane interacting
with both electric and magnetic fields. In addition, our results are not only in agreement
with those of classical mechanics but also allow to establish a model that describes the effects
of both fields on charge carriers in a stationary regime through physical quantities such as
probability and current densities, Heisenberg uncertainty relation and mean energy. Our main
conclusion is that the electric field modifies the location of the quasi-particles in graphene. This
semi-classical description could be implemented to analyze electronic or transport properties
in graphene or other 2D DMs, as occurs for the so-called Bloch oscillations [39].
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A Eigenvalues and eigenstates
In order to find the solutions of our problem, we proceed as [47]. Hence, multiplying by −iσx
to the left of Eq. (8), we get:[
1
lB
d
dξ
I2 − i
(
0 − βξ
lB
)
σxI2 + i
ξ
lB
σxσy
]
Ψ(ξ) = 0, (A.1)
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where 0 = E/~vF +kβ. Differentiating this equation with respect to ξ and manipulating a bit,
we obtain the following equation[(
d2
dξ2
+ (0lB − βξ)2 − ξ2
)
I2 + i (σxβ + σxσy)
]
Ψ(ξ) = 0, (A.2)
whose solutions can be expressed as Ψ(ξ)λ = ψλ(ξ)χλ, where χλ is an eigenvector of the
complex symmetric matrix K = i (σxβ + σxσy) with eigenvalue λ and ψλ(ξ) is a scalar function
that satisfies the differential equation[
d2
dξ2
+ (0lB − βξ)2 − ξ2 + λ
]
ψλ(ξ) = 0, (A.3)
In order to simplify the above equation, the variable ζ is defined as
ζ = ξ(1− β2)1/4 + β0lB
(1− β2)3/4 =
(1− β2)1/4
lB
[
x+ l2Bk +
β0l
2
B
1− β2
]
, (A.4)
where β must fulfill the condition 0 ≤ β < 1 for keeping real values of ζ and prevent inde-
terminacy. Likewise, this implies that vd = Ec/B < vF, in contrast with the classical drift
velocity, in which there is no restriction for the electric field strength. Hence, we obtain the
Weber equation [
d2
dζ2
− ζ2 + 
2
0l
2
B
(1− β2)3/2 +
λ
(1− β2)1/2
]
ψλ(ζ) = 0, (A.5)
where the dimensionless potential Vβ(ζ) can be identified as
Vβ(ζ) = ζ
2 − λ
(1− β2)1/2 . (A.6)
On the other hand, the eigenvalues λ of the matrix K turn out to be σ(K) = {λk =
(−1)k(1− β2)1/2} with k = 1, 2, while the corresponding normalized eigenvectors are given by
S =
{
χλ1 =
1√
2
( √
C+
−i√C−
)
, χλ2 =
1√
2
( −√C−
i
√
C+
)}
, (A.7)
where C± = 1 ± (1 − β2)1/2. Substituting the eigenvalues λk in Eq. (A.5) and taking ψλ(ζ) =
exp (−ζ2/2) fλ(ζ), one gets the following ODE:
f ′′λ (ζ)− 2ζf ′λ(ζ) +
(
20l
2
B
(1− β2)3/2 − 1 + (−1)
k
)
fλ(ζ) = 0, k = 1, 2. (A.8)
From here, the results shown in Eqs. (9)-(12) are followed. Besides, the procedure imple-
mented to solve (8) has also been successfully applied for reproducing some results in [48].
B Matrix M
In this part, we focus on describing some features of matrix M in Eq. (11).
Since M is a hermitian matrix, it can be diagonalized, i.e., there is a diagonal matrix D and
a unitary matrix U such that M = UDU−1.
After finding the M-eigenvalues,
σ(M) =
{
µk =
√
C+ + (−1)k
√
C−√
2
}
, k = 1, 2, (B.1)
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and the corresponding eigenvectors,
S =
{
χµ1 =
1√
2
(
1
i
)
, χµ2 =
1√
2
(
i
1
)}
, (B.2)
it follows that matrix M can be expressed as
M = U(pi/4)DU−1(pi/4), (B.3)
where D = diag (µ1, µ2) and U(τ) = exp (iτσx). Therefore, M is obtained from rotations about
the x-axis.
C Probability and current densities
We can obtain the expressions for the probability density ρn(x) = |Ψn(x)|2 and the current
density jx/y(x) = evFΨ
†
n(x)σx/yΨn(x) in the x/y-direction by identifying the following relations:
M†M = I2 − βσy, (C.1a)
M†σxM =
√
1− β2 σx, (C.1b)
M†σyM = σy − βI2. (C.1c)
Thus, the probability density ρn(x) and the current densities jx/y(x) turn out to be, respec-
tively:
ρn(x) = |Φ¯n(x, y)|2 − βΦ¯†n(x, y)σyΦ¯n(x, y), (C.2a)
jx(x) = 0, (C.2b)
jy(x) = evFΦ¯
†
n(x, y)σyΦ¯n(x, y)− evd|Φ¯n(x, y)|2. (C.2c)
Besides, if s represents a scalar operator associated to any observable quantity that has
been promoted to a matrix one through the relation s→ S = s⊗ I, we have that
〈S〉 = 〈Ψn|S|Ψn〉 = 〈Φn|S|Φn〉 − β〈Φn|s σy|Φn〉. (C.3)
D Matrix operators Θ±
The action of the matrix operators defined in Eq. (18) on the eigenstates Φ¯n(x, y) is given by:
Θ−Φ¯n(x, y) ≡ Θ−Φ¯n(ζn, y) = exp (i δ)√
2δ1n
√
nΦ¯n−1(ζn−1, y), n = 0, 1, 2, . . . , (D.1a)
Θ+Φ¯n(x, y) ≡ Θ−Φ¯n(ζn, y) = exp (−i δ)
√
n+ 1Φ¯n+1(ζn+1, y), n = 1, 2, 3, . . . . (D.1b)
According to these relations, the operator Θ+ cannot be considered as a creation operator since
its action on the state Φ¯0 does not generate other eigenstate of the Hilbert space H. As a
consequence, the commutation relation [Θ−,Θ+] = I2 only fulfills for n ≥ 2.
On the other hand, if we consider the operator
Θ˜+ = exp(−iδ)
∑
n=0
(
θ+n
√
N+2√
N+1
−iη√N + 1
iη(θ+n )
2 1√
N+1
θ+n
)
P(n)T +, (D.2)
16
such that
Θ˜+Φ¯n(x, y) ≡ Θ˜+Φ¯n(ζn, y) =
√
2(2−δ0n) exp(−iδ)√n+ 1Φ¯n+1(ζn+1, y), n = 0, 1, 2, . . . , (D.3)
we would be able to obtain excited states from the fundamental Φ¯0 as follows:
Φ¯k(x, y) ≡ Φ¯k(ζk, y) = exp (ikδ)√
2(2k−1)k!
(Θ˜+)kΦ¯0(ζ0, y), k = 1, 2, 3, . . . . (D.4)
This fact shows that, although Θ˜+ is not the adjoint of Θ−, it works as a creation operator.
Furthermore, it is straightforward to verify that
[Θ−, Θ˜+]Φ¯n = c(n)Φ¯n, c(n) =

1, n = 0,
3, n = 1,
2, otherwise.
(D.5)
Hence, these results suggest that, up to a constant factor, Θ˜+ and Θ− would be linked to the so-
called D pseudo-bosonic operators [49–53] that arise by modifying the canonical commutation
relation [c, c†] = 1, which is replaced with a similar commutation rule, namely, [a, b] = 1 where
b 6= a†. This discussion takes relevance when, for instance, the construction of coherent states
is performed by the Perelomov group theoretical approach [54], in which the algebraic structure
of the ladder operators is required.
E Heisenberg uncertainty relation
Using the states in Eq. (24) and according to (C.3), the mean values of the operators Sq and
S2q are, respectively (see Fig. 5):
〈Sq〉α = 1√
2iq
[
2 exp
(|α˜|2)− 1− 2β< (α˜) ∞∑
n=0
|α˜|2n
n!
√
n+ 1
]−1 [
(α˜+ (−1)qα˜∗)
(
exp
(|α˜|2)+
∞∑
n=1
|α˜|2n√
(n− 1)!(n+ 1)!
)
− β
(
(α˜2 + (−1)qα˜∗2)
∞∑
n=0
|α˜|2n
n!
√
n+ 2
+ (1 + (−1)q)
∞∑
n=1
|α˜|2n
n!
√
n
)]
,
(E.1a)
〈S2q〉α =
1
2
[
2 exp
(|α˜|2)− 1− 2β< (α˜) ∞∑
n=0
|α˜|2n
n!
√
n+ 1
]−1{
1 + 4|α˜|2 exp (|α˜|2)+ (−1)q(α˜2 + α˜∗2)
×
(
exp
(|α˜|2)+ ∞∑
n=1
√
n+ 1 |α˜|2n√
(n− 1)!(n+ 2)!
)
− β
[
(α˜+ α˜∗)
( ∞∑
n=0
|α˜|2n
n!
√
n+ 1
(2n+ 1)
+(−1)q
∞∑
n=1
|α˜|2n√
n!(n− 1)!
)
+ (−1)q(α˜3 + α˜∗3)
∞∑
n=0
|α˜|2n
n!
√
n+ 3
]}
. (E.1b)
F Completeness relation
Let us consider the Hilbert space H spanned by the DW eigenstates, H = span{Φ¯n|n =
0, 1, 2, . . . }, which fulfill the completeness relation
|Φ¯0〉 〈Φ¯0|+
∞∑
n=1
|Φ¯n〉 〈Φ¯n| ≡ I2. (F.1)
17
By defining r = |α|2, we take the measure as:
dµ(α) =
2 exp (r2)− 1
2pi
r exp
(
r2
)
drdθ, (F.2)
we obtain the overcompleteness relation of the coherent states as follows:
|Φ¯0〉 〈Φ¯0|
2
+
∫
C
dµ(α) |Φ¯n〉 〈Φ¯n|
=
|Φ¯0〉 〈Φ¯0|
2
+
∫
C
dµ(α)
2 exp (r2)− 1
[
|Φ¯0〉+
∞∑
n=1
√
2α˜n
n!
|Φ¯n〉
][
〈Φ¯0|+
∞∑
m=1
√
2α˜m
m!
〈Φ¯m|
]
=
|Φ¯0〉 〈Φ¯0|
2
+
1
2pi
∫ ∞
0
∫ 2pi
0
[
|Φ¯0〉 〈Φ¯0|+
∞∑
n=1
√
2√
n!
|Φ¯n〉 〈Φ¯0| rneinθ
+
∞∑
m=1
√
2√
m!
|Φ¯0〉 〈Φ¯m| rme−imθ +
∞∑
n,m=1
2√
n!m!
|Φ¯n〉 〈Φ¯m| rn+mei(n−m)θ
]
r exp
(
r2
)
drdθ.
(F.3)
Taking the variable change t = r2 and integrating over θ and t, we get finally:
|Φ¯0〉 〈Φ¯0|
2
+
∫
C
dµ(α) |Φ¯n〉 〈Φ¯n| = |Φ¯0〉 〈Φ¯0|+
∞∑
n=1
|Φ¯n〉 〈Φ¯n|
n!
Γ(n+ 1), (F.4)
which reduces to Eq. (F.1).
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